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Instanton calculus

Anharmonic double well potential

V(x)

0 L
Vg

Energies to be determined from integral in Euclidean space.
coe BT f e BT = /D[x(r)]e_S[X(T)]

St = | " (3(0)+ Vix())
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Action of an instanton

S[Xl] = 50 = 1/6g
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Action of an instanton
5[X1] = 50 = 1/6g
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Action of n instantons

S[xn] = nSo = n/6g
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coe BT 4 e BT = /D[X(T)]E—S[X(T)]



Instanton calculus
coe BT 4 e BT = /D[x(r)]e*S[X(T)]

T/2
= Z/ . dty,e 20 ci2ne=T/2

T/2 ti<ti+1

— /T

sum over integration over classical van Vleck

classical solutions zero modes action determinant



Instanton calculus

Coe—EoT + Cle—ElT _ /D[X - ]e—S[X(T)]

T/2
= Z/ . dtype 20 ci2ne = T/2

T/2 t‘<t,‘+1

= ce” /2 cosh(k Te™)

Energies shifted by Ey = 1 . 1

nonperturbative quantity 2 T8

compared to E(g = 0). E — 1 n 1
2 g

efl/6g

e_1/6g



Instanton calculus

True energies [Zinn-Justin]

n 1 - n
EO = Xn: ang — \/7—ge 1/6¢ Zn: bng = Epert. - 51E

E = Z a,,g” + e—1/6g Z bngn = Epert. +0E
n n

1
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Instanton calculus

True energies [Zinn-Justin]

T8
1
Er=> ang"+ ——e %8N bg" = Eper. + 01
2 gt e

1
Eo=) ang" — Fe—”ﬁg > bng" = Eper. — 01E

Instanton calculus gives complete information about difference of
energies for small g:

AE=FE —E=——e /%Y p,g"
Y
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Interaction of instantons

Vo
X1 Xy
R\/—/ T
X2
Action of two instantons
S[xo] = 2/6g — 2e7 1172l /g [Bogomolny]

Contribution to the integral coming from two instantons

(Te™0)2 + Te=2%/(g)

N

T/2
> = / dl’ldtze*s[XZ] ~

/ dR(exp(2e R /g) — 1)



Interaction of instantons

I(e) = | dR(exp(2e™/g) ~ 1)

Dilute gas approximation:

g >0 = main contribution from small R WRONG
g <0 = main contribution from large R

Calculate the integral for negative g and continue to positive g

I(g) = —v+In(—g/2) = =y +In(g/2) £ i

1 1 1
Ey— - _ —-1/6g | = .—1/3g In(—2
0= 5= e e R n(=2/g))
Bi= 5+ ——e V54 e V(s In(~2/g))
2 g gm
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Em—Zang ir 1/6gzbg

+ EG’”*(V +1n(—2/8)) > cng”

= Epert. £ 01E + 62E [Zinn-Justin]

Why should we bother with instanton interactions?

e Much smaller than perturbative energy and free instantons.

e No chance to see them numerically !7?
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Em—Zang ir Uﬁgzbg

+ EG’”*(V +1n(—2/8)) > cng”

= Epert. £ 01E + 62E [Zinn-Justin]

Why should we bother with instanton interactions?

e Much smaller than perturbative energy and free instantons.

e No chance to see them numerically !7?

But

o Borel series ambiguity cured. [Unsal]
e Imaginary part cancels.

e Real part actually can be seen in energy average!
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Perturbative expansion

Hip = Ey)
1
(L2 V00 St = S eng? i
n,k n n,k

Solve this equation recursively to obtain o, x and €,.

E= Zeng”
n

€0 1/2
But: this is €1 -1
nonalternating(!) €2 —9/2
asymptotic series. €3 —89/2
[Bender, Wu] ea  —5013/8

€350 —1.15 x 10997 ~ —0.95 x 3350 x 350!
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Borel transform

B(t) = Zlent"

n!
n

Inverse Borel transform needs B(t) on the positive real axis

Eporel(g) = — | deelenie)
g Jo

But: Re B(t)
B(t) has radius of 3
convergence only 1/3.



Borel sum

Pade approximant

Padé approximant provides information about analytical
continuation of Borel transform.

Pa(t) ratio of polynomials of order n, P (0) =BN(0): i<2n

Imt

IN
—

n=170

Ret

wlk ¢




Padepoles.swf
Media File (application/x-shockwave-flash)


Borel sum

Analytical continuation of Borel transform has a cut at (1/3, c0).
= Integrate along a contour.

Im
3.0r
250 & .
T -
20f & .
08 :
1.5F o)
[ O
r < .
1.0r %
05F 2 .S
L . o ° ) Ret
3 poles of Borel transform 3

Integration limit Re t < 2 = error of order e~2/& — unimportant.
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Borel sum and instantons

Borel sum
Epgorel can be calculated only for t =t +ieor t =t — Jie.

If B(t) had only a simple pole at t = 1/3 the two cases would
differ by ée*1/3g X const.
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Borel sum and instantons

Borel sum
Epgorel can be calculated only for t =t +ieor t =t — Jie.

If B(t) had only a simple pole at t = 1/3 the two cases would
differ by ée*1/3g X const.

Instanton interaction
Instanton interactions exist in limits g = g + ie and g = g — ie!

02 E in these cases differ by %e*1/3g

Do these two ambiguities cancel?
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Cut Fock space method

e express Hamiltonian as a matrix:
1
(H)m,n = (ml5P? + V(X)|n)

e introduce cutoff to get finite matrix
e eigenvalues approximate energies [Wosiek]

E

20r

151

cutoff



Comparison with numerics

Is instanton contribution needed?

without §2E with 02 E
E E
04 T od =
003 0.06 DG e 0d2enenn 9 665G e 512 9
oal —04f .\\
— Erock - Erock \\
-08Y - Re EBoreI 08} --—- Re (EBoreI +62E) ;
...... Im EBoreI == lm (E30r9|+52E)

Adding 9> E improves result for g < 0.07 and worsens for g > 0.09.
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High precision comparison
without &> E

( EFock _Eﬁord )/ 0 2 E

Cx>
@@@@@@@@@@@@@@@@®®®®®®®®®®§%x0{
0.1f
0.001+
10°°¢
o red
107
x imaginary
10°°

| | | | | |
5x10™*  0.001 0.005 0.010 0.050 O.log



Instanton calculus Interaction of instantons Borel sum Comparison with numerics Summary

High precision comparison

with 0 E
(EFock_ EBoreI _62E)/52E
10¢ N
0g
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0.1f ) 09 & X
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Next correction is seen!
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Summary

e instanton interactions cancel ambiguity of Borel energies
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e instanton interactions cancel ambiguity of Borel energies

e instanton interactions improve Borel energies for small g
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Summary

instanton interactions cancel ambiguity of Borel energies
instanton interactions improve Borel energies for small g

for larger g the (asymptotic) series Y c,g" becomes
important and needs to be summed (Borel sum?)

but only few ¢, are known

next corrections: 3—instanton interactions

Summary
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